A comprehensive assessment is made of transient and asymptotic two-dimensional perturbation growth in compressible shear flow using unbounded constant shear and the Couette problem as examples. The unbounded shear flow example captures the essential dynamics of the rapid transient growth processes at high Mach numbers, while excitation by nonmodal mechanisms of nearly neutral modes supported by boundaries in the Couette problem is found to be important in sustaining high perturbation amplitude at long times. The optimal growth of two-dimensional perturbations in viscous high Mach number flows in both unbounded shear flow and the Couette problem is shown to greatly exceed the optimal growth obtained in incompressible flows at the same Reynolds number.
I. INTRODUCTION
A comprehensive understanding of the stability of shear flow in general and of high Mach number shear flow in particular requires taking into account perturbation growth due to both modal and nonmodal processes. Flows confined by boundaries support normal modes and eigenanalysis of the linearized equations of fluid motion for such flows provides information about the rate of perturbation energy growth in the limit of long time while singular value decomposition of the system propagator provides information about transient growth on shorter time scales. These two stability analysis methods can be combined to form a generalized stability theory that synthesizes both the modal and nonmodal aspects of perturbation growth. 1 High Mach number shear flow occurs in technological contexts such as hypersonic aircraft and in astrophysical phenomena such as accretion disks 2 and at least in the case of accretion disks the dynamics is confined to two dimensions. Transient nonmodal growth generally dominates over modal growth in highly non-normal systems such as fluid shear flow except in the limit of long time in idealized models. Moreover, in realistic physical shear flow problems it is often possible to exclude long time asymptotic growth either because the linear operator associated with the mean flow is asymptotically stable or because disruption of the coherence of the mode by turbulent motions limits the time available for modal growth so that emergence of the modal asymptote is never attained and growth instead occurs by repeated rapid but transient nonmodal processes. 1 Because of the universality of nonmodal growth processes in shear flow 3 transient growth can be understood to a first approximation through study of the relatively simple unbounded constant shear flow model. However, unbounded constant shear flow does not support modal solutions and so cannot accurately model the behavior of any bounded viscous flow in the limit t→ϱ in which limit the least damped mode supported by the boundary conditions determines the asymptotic growth or decay rate which must be exponential in time. Nevertheless, for studying perturbation growth over the interval of time in which transient growth dominates the unbounded constant shear flow has the great advantage of having analytic solutions for incompressible shear flow, [4] [5] [6] [7] [8] for stably stratified flows, 9 and for compressible inviscid flows. 10, 11 Using convected coordinates Chagelishvili et al. 10, 11 showed that inviscid divergent acoustic perturbations are always eventually excited, even if the initial conditions are of nondivergent vortical form, and that the energy of acoustic perturbations grows linearly with time as t→ϱ. However, as t→ϱ the total wave number of these growing disturbances also increases linearly with time suggesting an accelerating viscous damping rate and the question arises as to whether the inviscid asymptotic growth obtained in the inviscid model is sustained at finite Reynolds number. We show by integration of the viscous extension of the compressible shear wave solutions in unbounded constant shear flow that the inviscid growth is not sustained and that all solutions in viscous unbounded constant shear flow are damped as t→ϱ. Nevertheless, we find that the maximum attainable growth is greater in compressible constant shear flow than that obtained in incompressible flow at the same Reynolds number. Having established that nonmodal growth remains robust at finite Reynolds number in the unbounded constant shear flow we turn to the issue of the influence of boundaries on the perturbation dynamics. Imposition of no slip rigid boundaries in the viscous problem induces an eigenvalue problem with a discrete basis of modes. The perturbation dynamical system plus the boundary conditions is non-normal and consequently these modes are not orthogonal.
Constant shear flow with rigid no slip boundaries consti-tutes the plane Couette flow the stability of which has long been an object of study in hydrodynamics. Couette flow does not support modal instability in the incompressible limit 12 while the unstable modes which exist for some sufficiently small Mach numbers in compressible Couette flow are weakly growing. 13 We find weak modal instability in the viscous compressible Couette flow in agreement with previous results. However, we also find that at high Mach numbers twodimensional perturbations produce rapid nonmodal growth and that this nonmodal growth can strongly excite the persistent modes, a process that cannot occur in unbounded flow due to the absence of modes in unbounded flow.
These two-dimensional growth mechanisms at high Mach numbers have implications for the maintenance of turbulence in accretion disks around massive bodies. The flow in accretion disks is nearly two dimensional and Keplerian ͑i.e., the rotational frequency ⍀ϰR
, where R is the distance from the massive body͒ and the Mach number is very large.
2 Nonmodal processes may be key to producing the outward angular momentum flux required to support the observationally inferred rates of mass inflow. 14 We begin by introducing the viscous compressible equations; optimal perturbations in unbounded shear flow are then obtained using convected coordinate solutions, after which boundary conditions are introduced and the resulting Couette problem is formulated as a matrix dynamical system and the optimal perturbations obtained. Finally some physical implications of these solutions for perturbation growth processes in bounded and unbounded shear flow are discussed.
II. GROWTH OF TWO-DIMENSIONAL PERTURBATIONS IN COMPRESSIBLE CONSTANT SHEAR FLOW
The two-dimensional continuity and momentum equations for harmonic perturbations of reduced pressure, p, streamwise ͑x͒ velocity, u, and cross-stream ͑y͒ velocity, v, of the form ͓ p,u,v͔ϭ͓ p ,û ,v ͔e ikx , in a polytropic fluid ͑i.e., pressure related to density by PϭK ␥ ) with constant shear Uϭy and spatially uniform mean density are
‫ץ‬v ‫ץ‬t ϩikyv ϭϪ dp dy
where ⌬ denotes the velocity divergence which has the streamwise Fourier coefficient:
and D 2 denotes the Laplacian operator D 2 ϭd 2 /dy 2 Ϫk 2 . In ͑2.1͒, ͑2.2͒, ͑2.3͒ time has been nondimensionalized by the inverse shear, ; and space by the channel half-width for bounded channel flow, and by 1/k for unbounded flow. The Reynolds number is defined as ReϭL 2 /, where is the coefficient of shear viscosity, the coefficient of second viscosity is assumed to be zero, and L is the space scale for the unbounded or channel flow. The Mach number, measuring the ratio of the characteristic flow speed to the speed of sound c s , is M ϭL/c s .
In the case of unbounded flow, for which due to the nondimensionalization kϭ1, it is useful to transform to convected coordinates xϪyt and seek solutions to ͑2.1͒, ͑2.2͒, and ͑2.3͒ of form ͓ p (y,t),û (y,t),v (y,t)͔ ϭ͓ p (t),ũ (t),ṽ (t)͔e im(t)y , with time varying cross-stream wave number m(t)ϭm(0)Ϫt ͑cf. Refs. 4-11͒. Substituting this solution form transforms ͑2.1͒, ͑2.2͒, and ͑2.3͒ to dp
where K 2 (t)ϭ1ϩm 2 (t) is the total time varying wave number. The original partial differential equations have been reduced to a set of three ordinary differential equations which can be readily integrated to determine the propagator matrix that advances the initial state of the system to the state at a later time t.
We choose to scale pressure by Mach number so that the system state is x, where x denotes the column vector ͓ M p ,ũ ,ṽ ͔ T . The evolution of the state x is then governed by the time-dependent matrix equation:
where A(t) is given by
͑2.9͒
The state at t is related to the initial state by: x(t) ϭ⌽(t)x(0), where ⌽(t) is the finite time propagator
obtained by N advances of the system by the infinitesimal propagators e A(n) , where N and satisfy the relation t ϭN.
The perturbation energy density has both kinetic and potential energy components with the total energy density given by
in which pressure has been scaled by Mach number in the definition of the state variable x so that the Euclidean inner product is proportional to perturbation energy. The maximum factor of increase in energy density that can be achieved at time t is then ͉͉⌽(t)͉͉ 2 where ͉͉•͉͉ denotes the L 2 matrix norm. This norm can be readily evaluated by singular value decomposition which for the propagator ⌽(t) is of the form: ⌽(t)ϭU⌺V † where ⌺ is positive diagonal and U, V are unitary. The square of the maximum element of ⌺ is the square of the L 2 norm of ⌽(t) which can be interpreted as the maximum factor of energy density increase that can be achieved at time t. This maximum energy growth factor is called the optimal growth, and the corresponding column of V, referred to as the optimal perturbation, is the initial condition that results in this increase.
The energy density evolution of the initial perturbation that produces optimal energy growth at tϭ20 is shown in Fig. 1 for the inviscid and viscous ͑Reϭ5000͒ unbounded constant shear flows at Mach number M ϭ50. In the inviscid case the energy grows asymptotically as t 10, 11 ͑this is true for all initial perturbations, not only the optimal initial perturbation͒, but as can be seen from Fig. 1 this inviscid asymptotic growth is not sustained in the presence of viscous dissipation.
Optimal initial perturbations undergo two physically distinct growth phases: a rapid transient phase that peaks at a nondimensional time of the order of the initial cross-stream wave number and is robust in the presence of viscosity; and a slow secondary asymptotic growth phase that disappears when viscosity is included. The mechanism of growth in these two phases can be understood by considering the perturbation energy tendency equation:
where the bar denotes average over a streamwise ͑x͒ wavelength and ⌬ is the velocity divergence. The only source of perturbation growth is the Reynolds stress which contributes the first term on the right-hand side of ͑2.12͒. By decomposing the velocity field into its irrotational and solenoidal parts (u,v)ϭ"ϩ"Ã(k) ͑where k is the unit vector perpendicular to the plane of the flow, is the potential of the irrotational velocity component, and is the streamfunction of the solenoidal velocity component͒, the following proportional relation for the spatially averaged Reynolds stress in convected coordinates can be obtained:
͑2.13͒
where R denotes the real part of a complex number and the tildes denote the Fourier amplitude of the perturbation fields in the convected coordinate ansatz: ϭ (t)e ixϩim(t)y , ϭ (t)e ixϩim(t)y . Consider an initial perturbation with m(0)Ͼ0. Part of the contribution to energy growth due to the solenoidal component of the perturbation velocity field is the first rhs term in ͑2.13͒, m(t)͉ ͉ 2 , which contributes substantially initially, while m(t)Ͼ0, but as the phase lines are
turned into the direction of the shear, so that eventually m(t)Ͻ0, it becomes an energy sink. This term, which is the sole energy source in incompressible shear flow, 15 vanishes in compressible flow as m(t)͉ ͉ 2 ϭO(t Ϫ2 ) at large times ͑see the Appendix͒, which is slower than the O(t Ϫ3 ) rate of asymptotic decay of the Reynolds stress in unbounded inviscid incompressible constant shear flow. 15 The second term on the rhs in ͑2.13͒, Ϫm(t)͉ ͉ 2 , arises from the irrotational component of the perturbation velocity field and exists only in compressible flow. It is initially an energy sink, while m(t)Ͼ0, but becomes an energy source when the phase lines have turned into the flow direction so that m(t)Ͻ0, leading to eventual energy growth linear in time in inviscid unbounded shear flows ͑in the Appendix it is shown that at large times m(t)͉ ͉ 2 →CϩD cos(t 2 /Mϩ) with C, D, and constants͒. This ability of perturbations in compressible shear flow to continue extracting energy from the mean flow after the perturbation phase lines have turned into the direction of shear is a new mechanism arising from compressibility. The fact that the only source of energy growth in incompressible shear flows is the solenoidal velocity component which extracts energy only when m(t)Ͼ0, and that in constant shear flow m(t)ϭm(0)Ϫt decreases with time, means that in order to maximize energy growth at time t the optimal perturbation must have large initial crossstream wave number ͓further analysis shows that in inviscid incompressible shear flows the optimal wave number is m(0)ϭ t/2 ϩͱt 2 /4 ϩ1, where t is the optimizing time, so that at large times m(0)Ϸt ͑cf. Ref. 15͔͒ . In compressible flow the perturbation can extract energy even when m(t) Ͻ0 and consequently optimal growth does not require that m(0) be as large initially as in the case for incompressible flow. The initial m(0) that leads to optimal growth is shown as a function of optimizing time T opt in Fig. 2 for M ϭ0 and M ϭ50. Also shown in Fig. 2 are magnitudes of the vorticity, divergence, and pressure of the optimal initial condition as a function of T opt for M ϭ50.
Given that viscosity damps perturbations in proportion to the square of the total perturbation wave number, it follows that optimal perturbations in viscous compressible flow will be damped less than optimal perturbations in viscous incompressible flows because compressible flow optimals have smaller wave numbers during their growth period. Optimal energy growth for inviscid incompressible flows increases with T opt as E opt (T opt )/E opt (0)ϭ1ϩT opt 2 , where T opt is the optimizing time, 8 and consequently optimal growth is greater at large times for inviscid incompressible than is attained in inviscid compressible flows, where the asymptotic growth is linear in time. However, due to their smaller wave numbers optimal perturbations in compressible viscous constant shear flow realize greater growth than is attained by optimals in incompressible viscous constant shear flow at the same Reynolds number ͑cf. an example in Fig. 1͒ .
The third term in ͑2.13͒ is the energy tendency from interactions between the irrotational and solenoidal velocity components. It can be shown to oscillate with high amplitude at times exceeding the optimization time ͑see the Appendix͒. However, these oscillations, which are due to interference of oppositely traveling waves with both irrotational and solenoidal velocity components, do not contribute to the secular growth of energy at large times.
While the first stage of transient growth is only moderately affected by viscosity, the later stage, which is associated with secular growth in the inviscid problem, is eliminated by viscosity. For example, energy evolution of the optimal perturbation at tϭ20 for the unbounded constant shear flow at Reϭ5000 ͑curve 3 of Fig. 1͒ shows that the initial transient growth is largely retained in the presence of viscosity, along with a secondary maximum due mainly to the Reynolds stress from the irrotational velocity component, while the secular energy growth at large t has been lost.
Consider now viscous Couette flow between two bounding surfaces with no slip boundary conditions (uϭvϭ0 at yϭϮ1). The perturbation dynamics are governed by Eqs. ͑2.1͒-͑2.3͒. In order to study the dynamics of perturbations in bounded flow we approximate the system ͑2.1͒-͑2.3͒ by discretizing the differential operators with central differences. It is known that in the presence of boundaries and at fixed Reynolds number the compressible flow may be weakly unstable for moderate Mach numbers, 13 while for sufficiently high Mach numbers the modal instability is lost. The growth rate of the most unstable mode for kϭ1 and Reϭ5000 as a function of Mach number is shown in Fig. 3 .
Consider first a flow at Reϭ5000 and M ϭ50 for which parameters the flow is almost neutral for kϭ1. The energy evolution of the optimal initial perturbation that leads to maximum growth at tϭ20 is shown in Fig. 1 . Observe that the evolution of energy at first follows that in the viscous unbounded constant shear flow, as expected from the universality of the transient growth mechanism, but for large times the perturbation asymptotically decays at the exponential rate of the least damped mode as expected for a bounded viscous flow. For comparison curve 1 in Fig. 1 shows the energy evolution in an incompressible flow for the initial condition that maximizes energy growth at tϭ20. As discussed earlier the enhanced energy growth in the compressible flow is due to the fact that the irrotational component of the velocity field can continue to extract energy from the mean flow even after it has been convected into the direction of the shear, and consequently such perturbations can continue to grow for a longer period of time before being strongly affected by viscosity. The structure of the optimal perturbation at the initial time is indicated in Fig. 4 by its pressure, which accounts for 92% of the initial perturbation energy. The evolved optimal at the optimizing time tϭ20 is shown in Fig. 5 . It is evident that the perturbation is leaning in the direction of the shear and is also extracting energy from the mean as indicated by its Reynolds stress.
Optimal energy growth as a function of time for various Mach numbers as well as for incompressible flow (M ϭ0) at Reϭ5000 and kϭ1 is shown in Fig. 6 . While at small Mach number the optimal growth in compressible shear flow is less than that found in incompressible shear flow ͑this is also found to be the case for three-dimensional perturbations in boundary layer lows at low Mach numbers 16 ͒, at large Mach numbers the optimal growth attained in compressible flow is an order of magnitude greater than that in incompressible flow.
The mechanism of capture of transient growth energy by the least damped mode is of particular significance because it produces robust excitation of a persistent structure which would otherwise be damped or at most weakly growing. For example, consider the optimal energy growth attained as a function of time at M ϭ20,50,100, shown in Fig. 6 ; for large optimizing times the perturbation energy becomes large and nearly constant as the nonmodal processes have strongly excited the nearly neutral modes of the flow at these Mach numbers. Moreover, this mechanism is important even in cases for which the flow is unstable. Consider M ϭ4.75 for which there is an unstable mode with nondimensional growth rate 0.0689. The optimal energy growth as a function of time and the energy evolution of the most unstable mode ͑dashed line͒ are shown in Fig. 6 . Energy derived from transient growth is transferred to the weakly unstable mode as t increases resulting in greatly enhanced excitation of the unstable mode ͑by a factor of 20 in this case͒.
III. CONCLUSIONS
Perturbation growth in viscous compressible shear flow was examined using unbounded constant shear flow and the Couette flow as examples. These constant shear examples are particularly useful in revealing the fundamental properties of nonmodal growth 1 while retaining the simplicity of the analytic convected coordinate solutions in the case of the unbounded shear flow and the familiarity of the Couette problem in the case of the bounded flow. Nonmodal perturbation growth was found to be enhanced in compressible shear flow compared to that found in incompressible shear flow because irrotational velocity fields sustain downgradient Reynolds stresses after the Reynolds stress from solenoidal motions has reversed. However, growth by this mechanism is not sustained as t→ϱ because viscous damping rapidly increases as the wave number of the solution increases.
In order to quantify in a canonical manner the potential for perturbation growth in compressible shear flow initial perturbations producing optimal energy growth over specified time intervals were identified using singular value decomposition of the system propagator. The optimal perturbations reveal that in contrast to what is found in inviscid flow nonmodal growth can be increased by compressibility in viscous flow. In addition, asymptotic excitation of a nearly neutral mode by its optimal was found to excite the mode at more than an order of magnitude greater energy compared to direct excitation of the mode itself, which demonstrates the importance of nonmodal growth in the asymptotic regime even in flows which support an unstable mode.
Lastly, we remark that the great amplification of a subset of perturbations in viscous compressible flow suggests that continual excitation by intrinsic or extrinsic sources would   FIG. 4 . Structure of the pressure field component of the optimal initial perturbation that leads to the maximum energy growth at tϭ20. The Mach number is M ϭ50 and the Reynolds number is Reϭ5000 and kϭ1. The maximum energy growth at tϭ20 is E(20)/E(0) ϭ277 ͑the energy evolution of this perturbation is shown in Fig. 1͒ . Approximately 92% of the optimal perturbation energy is in the pressure field.
FIG. 5. Structure of the evolved optimal perturbation associated with optimal growth at T opt ϭ20 viewed at tϭ20. The Mach number is M ϭ50 and the Reynolds number is Reϭ5000 and kϭ1. The top panel shows perturbation vorticity, the middle panel shows perturbation divergence with arrows indicating the total velocity. The bottom panel shows the vertical distribution of Ϫuv . Note that although at the initial time most of the energy is concentrated in potential form, at the optimal time 97% of the perturbation energy is in kinetic form. Note also that although the perturbation is oriented with lines of constant phase in the direction of the shear the Reynolds stress is positive indicative of energy transfer from the mean flow to the perturbation which would not be the case for incompressible flow.
We have shown in ͑2.13͒ that the instantaneous perturbation energy density tendency is determined by the sum of three terms: the Reynolds stress due to the solenoidal part of the velocity field given by Aϭm(t)͉ ͉ 2 , the Reynolds stress due to the irrotational part of the velocity field given by B ϭϪm(t)͉ ͉ 2 and an interaction term between the solenoidal and irrotational parts. The above-given asymptotic expressions show that at large times the Reynolds stress, A, due to the solenoidal part vanishes. The Reynolds stress due to the interaction can be shown to be of the form C 1 cos(t 2 /M ϩ 1 ) where C 1 and 1 are constants. The contribution to the energetics from the Reynolds stress due to the irrotational part of the velocity field, B, can be shown to be where C and constants, which implies that as t→ϱ:
where D is a constant. The energy grows linearly with time and the slope of this linear energy growth is proportional to the amplitude of the solenoidal part of the velocity field at large times. It should be noted that even if the perturbation field starts off with no solenoidal perturbations, these will emerge as the plane wave tilts over, and the perturbation field will acquire solenoidal character, thus exciting the unbounded linear energy growth. The amplitude of the solenoidal field produced depends delicately on the initial conditions. For a discussion of these points and also an alternative derivation of the asymptotic solutions see Ref.
11.
